Let M n+1 be a torus bundle, i.e. an (n + 1)-dimensional manifold, which fibers over the circle with the fiber an n-dimensional torus. A covariant functor from M n+1 to the Cuntz-Krieger algebra (a C * -algebra) is constructed. The functor maps homeomorphic torus bundles to the stably isomorphic Cuntz-Krieger algebras. It is shown that in general the K-theory of the Cuntz-Krieger algebra counts the torsion of the first homology of M n+1 .
Introduction
A. Noncommutative geometry studies functors on the classical categories, which take value in certain families of the C * -algebras. A basic example of such a functor is the Gelfand-Naimark functor, which maps locally compact Hausdorff topological spaces to the category of commutative C * -algebras. It is well known that this contravariant functor sends any continuous map between the Hausdorff spaces to a homomorphism between the corresponding C * -algebras. The examples of such functors appear in other areas, e.g. in the index theory, knot theory, dynamics, etc. The ultimate goal of noncommutative geometry are new (and old) invariants of the objects of the classical category coming from the known invariants of the C * -algebras. Another important issue is an interpretation of the obtained invariants in terms of the classical category.
B. Recall that a Cuntz-Krieger algebra, O A , is the C * -algebra generated by partial isometries s 1 , . . . , s n that act on a Hilbert space in such a way that their support projections Q i = s * i s i and their range projections P i = s i s * i are orthogonal and satisfy the relations Q i = n j=i a ij P j , * Partially supported by NSERC.
for a non-negative integer matrix A = (a ij ) [1] . It is known that the C * -algebra O A is simple whenever matrix A is irreducible, i.e. certain power of A is a strictly positive integer matrix. If K is a C * -algebra of the compact operators on a Hilbert space, then the Cuntz-Krieger algebras
The both groups are invariants of the stable isomorphism class of the Cuntz-Krieger algebra.
C. Let T n , n ≥ 2 be an n-dimensional torus. By a torus bundle we shall mean a compact (n + 1)-dimensional manifold
where h : T n → T n is an automorphism of T n . The torus bundles M h and M h ′ are homeomorphic if and only if the automorphisms h and h ′ are conjugate, i.e. h ′ = ghg −1 for an automorphism g : T n → T n . Let H 1 (T n ) ∼ = Z n be first integral homology of the n-torus and consider the homotopy classes of the automorphisms of T n . It is well known that such classes are bijective with the invertible integer matrices GL n (Z), which appear as a result of the action of the automorphisms on H 1 (T n ). Note that the conjugate automorphisms h, h ′ correspond to the similar matrices H,
is similar to a matrix all of whose entries are non-negative (nonpositive). For simplicity, we shall always assume that tr (A) ≥ 0 (for otherwise we switch the sign in front of every entry of the matrix A).
D. Consider a map, F , which acts by the formula M h → O A h , where A h is a matrix with non-negative entries in the similarity class of matrices corresponding to the automorphism h of an n-dimensional torus. Denote by H 1 (M h ) the first homology group of the torus bundle M h and by K 0 (O A ) the algebraic K 0group of the Cuntz-Krieger algebra O A . Our main results are contained in the following theorem.
Theorem 1
The map F is a covariant functor on the category of torus bundles, such that:
The article is organized as follows. Theorem 1 is proved in section 2, where also some preparatory lemmas can be found. There is no formal section on the preliminaries, since all the necessary results are introduced in passing. In section 3 some practical calculation of the first homology of the torus bundles using the Cuntz-Krieger algebras are considered.
Proof of theorem 1
The idea of proof consists in a reduction of the conjugacy problem of the automorphisms of T n to the Cuntz-Krieger theorem on the flow equivalence of the sufshifts of finite type (to be introduced in the next paragraph). There are no difficult parts in the proof, which is basically a series of the observations. Moreover, theorem 1 follows from the results of [3] . However, our accents are different and the proof is more direct (and shorter) than in the above cited work.
(i) The main reference to the subshifts of finite type (SFT) is [2] . The full Bernoulli n-shift is the set X n of bi-infinite sequences x = {x k }, where x k is a symbol taken from a set S of cardinality n. The set X n is endowed with the product topology, making X n a Cantor set. The shift homeomorphism σ n : X n → X n is given by the formula σ n (. . .
The homeomorphism defines a (discrete) dynamical system {X n , σ n } given by the iterations of σ n .
Let A be an n × n matrix, whose entries a ij := a(i, j) are 0 or 1. Consider a subset X A of X n consisting of the bi-infinite sequences, which satisfy the restriction a(x k , x k+1 ) = 1 for all −∞ < k < ∞. (It takes a moment to verify that X A is indeed a subset of X n and X A = X n if and only if all the entries of A are 1's.) By definition, σ A = σ n | X A and the pair {X A , σ A } is called a SFT. A standard edge shift construction described in [2] allows to extend the notion of SFT to any matrix A with the non-negative entries.
It is well known that the SFT's {X A , σ A } and {X B , σ B } are topologically conjugate (as the dynamical systems) if and only if the matrices A and B are strong shift equivalent (SSE), see [2] for the corresponding definition. The SSE of two matrices is a difficult algorithmic problem, which motivates the consideration of a weaker equivalence between the matrices called a shift equivalence (SE). Recall that the matrices A and B are said to be shift equivalent (over Z + ) iff there are non-negative matrices R and S and a positive integer k (a lag), satisfying the equations AR = RB, BS = SA, A k = RS and SR = B k . Finally, the SFT's {X A , σ A } and {X B , σ B } (and the matrices A and B) are said to be flow equivalent (FE) if the suspension flows of the SFT's act on the topological spaces, which are homeomorphic under a homeomorphism that respects the orientation of the orbits of the suspension flows. We shall use the following implications:
(The first implication is rather classical, while for the second we refer the reader to [2] , p.456.)
We further restrict to the SFT's given by the matrices with determinant ±1. In view of Corollary 2.13 of [5] , the matrices A and B with det (A) = ±1 and det (B) = ±1 are SE (over Z + ) if and only if A and B are the similar matrices in GL n (Z).
Let now h and h ′ be a pair of the conjugate automorphisms of T n . Since the corresponding matrices A h and A h ′ are similar in GL n (Z), one concludes
One can now apply the Cuntz-Krieger theorem (Theorem 4.1 of [1] ) for the flow equivalent SFT's: if the matrices A and B are FE, then the Cuntz-Krieger algebras O A and O B are stably isomorphic. Thus, the map F sends the conjugate automorphisms of T n into the stably isomorphic Cuntz-Krieger algebras, i.e. F is a functor.
Let us show that F is a covariant functor. Consider the following commutative diagram:
where G, H ∈ GL n (Z) and O H , O GHG −1 are the Cuntz-Krieger algebras. Let g 1 , g 2 be the arrows (similarity of matrices) in the upper category and F (g 1 ), F (g 2 ) the corresponding arrows (stable isomorphisms) in the lower category. In view of the diagram, we have the following identities:
where F (g 1 )(O H ) = O H ′ and F (g 2 )(O H ′ ) = O H ′′ . Thus, F does not reverse the arrows and therefore is a covariant functor. The item (i) of theorem refthm1 is proved.
(ii) Let M h be a torus bundle with the monodromy given by a matrix A ∈ GL n (Z). It can be calculated (e.g. using the Leray spectral sequence for the fiber bundles), that H 1 (M h ; Z) ∼ = Z ⊕ Z n /(A − I)Z n . Comparing the calculation with the K-theory of the Cuntz-Krieger algebras, one concludes that
captures an essential (i.e. dependent on the matrix A) part of the homology. The item (ii) of theorem 1 is proved.
Examples
In this section we will show that the (K-theory of) Cuntz-Krieger algebras give rise to calculable topological invariants of the torus bundles. In the certain cases the obtained invariants are complete, i.e. represent the necessary and sufficient conditions for a pair of the torus bundles to be homeomorphic. Consider the three-dimensional manifolds M i , i = 1, 2, 3, 4, which are the torus bundles attached to the following two-by-two matrices A i :
The group K 0 (O Ai ) has been calculated using the reduction of integer matrices to the Smith normal form, as it is described in [2] . Note that for each n, M n 1 is a nilmanifold, while M 2 , M 3 , M 4 are the solvmanifolds [4] .
First, let us calculate the Alexander polynomial, ∆(t), for the torus bundles M 2 , M 3 and M 4 . It is immediate that: ∆ A2 (t) = ∆ A3 (t) = ∆ A4 (t) = t 2 − 6t + 1,
since the matrices A 2 , A 3 and A 4 have the same trace. Thus, the Alexander polynomials cannot tell apart the manifolds M 2 , M 3 and M 4 . Luckily, the Cuntz-Krieger invariant of M 2 and M 3 produces non-isomorphic abelian groups and therefore, by theorem 1, M 2 and M 3 are topologically distinct. This is no longer true for the pair of manifolds M 3 and M 4 : they have the same Cuntz-Krieger invariant, but they are topologically distinct. (The reader is encouraged to verify this fact by showing that the matrix is not similar to its transpose.) Finally, it is easy to see that the Cuntz-Krieger invariant is a complete invariant of the family of manifolds M n 1 .
